Calculus I Review

Recall that the main objects in calculus are functions. A function is a rule of assignment. If
we call a function f(z), then f is going to be fed with a real number a and it will give another

real number f(a).

e The domain of a function f is the set of numbers that we can “plug in”, for example, if
f(z) = vz — 1, we cannot set z = 0, so 0 is not in the domain of f. So the domain of f

is [1, 00).

e The range of f is the possible. values that f(z) can take. In our example, the range is

[0, 00).

One way to picture the functions is by means of its graph. For example:

o f(z)=z? e g(z) = 28 e h(z)=1/x o [(z) = cos(z)

Among all functions, in Calculus I some of them played special roles. A continuous function

is function for which

lim f(z) = f(a)

r—a

for every a in its domain. A function is continuous if we can draw its graph without lifting
the pencil. A discontinuous function might have jumps or blow up to infinity at a point. A

continuous function is differentiable at a point a if

@) — fim L0 1) = f(a)

exists.
h—0 h

The number f’(a) represents the slope of the tangent line to f(z) at x = a. If a functions is

differentiable at every point in its domain, we get its derivative f’(z). If the resulting function
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is also differentiable, we can take higher order derivatives. Recall thal a dilferentiable (unclion

must be continuous, but a continuous function need not to be differentiable, like f(z) = |z|.
Graphically:
e Discontinuous e Continuous e Differentiable e Continuous, not
differentiable

You should remember the basic differentiation formulas and the chain rule. For example,

compute the derivative of f(z) = 4/sin(2z). Then f'(z) = —cﬁ%)—) A function F(z) is an
s s
antiderivative of f(z) if F'(z) = f(z). For example, sinz + 7 is an antiderivative of cosz. In

integral notation, this is written as:
/cosxdx =sinz + C.
Graphically, a definite integral means the area under the curve f(z) over the region of integration:
™
/ cos z dx gives the area under f(z) = cosz from 0 to .
0

In order to compute the value of a definite integral, we make use of the Fundamental
Theorem of Calulus, which states that if ¢ is a continuous function on [a, b}, then the function

defined by

has derivative f'(z) = g(z), for all a < < b. One of the most important consequences of this
theorem is that allows us to compute the integral of a function h(z) over an interval [a, b] if we

know its antiderivative H(z):



Then,
/ cosz dz = sin(z)|q = sin(r) — sin(0) = 0.
0

From this, it is not surprising that a big effort is going to be directed to computing an-
tiderivatives of functions. We will do this in a systematic and somehow mechanic way. One

example of this is the substitution rule, which will play an essential role in this course:

e Calculate [ z(z? + 5)'°dz.

e Calculate [ tanzsec®zdz.

e Calculate [ zcos(z?) dz.

More on Integrals

Theorem 1 If f is continuous on [a,b] or if f has a finite number of jump discontinuities, then

[ is integrable on [a, b], i.e. f;f(’f)d’l‘ exists.
Properties of integrals:

L. f: flz)dz = — [} f(z)dz



2. [P f(z)=0

3. [Pcdz = c(b— a), where ¢ is any constant.

4. [1f(@) + g(@)dz = [? f(z)dz + [ g(a)do

5. [, cf(z)dz = c [’ f(z)dz, where ¢ is any constant.
6. J,[f(z) = g(@)ds = [} f(x)dz — [* g(z)dw

7. [Lf@)de + [ f(z)dz = [° f(x)da

Remark: It is not true that fab f(z)g(z)dz = f;f(a:)da; fabg(w)dw.

Comparison Properties:
1. If f(z) > 0 for a < z < b, then f:f(x)d:c > 0.
2. If f(z) > g(z) for a < z < b, then fabf(m)da: P fab g9(z)dz.

3. Ifm < f(z) < M for a <z < b, then

b
m(b—a) S/ f(z)dz < M(b—a)



